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Question 1. Compute the follwing integral:
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Answer. We break the integral expression into 8 part:

For 1st part,
Definition 1. The definition of I' function:

Lemma 1. For Vn €N, we have

Proof. By calculation,

We notice that,
Let a=11in (1)

So for Vn € N,

Then,
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For 2nd part,

By substitution of u= £
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Lemma 2. The Gaussian integral:

Proof. Let I = ffoooe_Zde,
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Let x =rcosf, y=rsinf, from geometry perspective:
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Then,
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For 3rd part,
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By substitution of t=./z,
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From (3), we know that:

Then,

The process in (5) and (6) requires a little bit tricks, but makes sence.

For 4th part,
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By taylor series of arctan z, for || <1 we have
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Then,
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For 5th part,

Let f(z)=sinz, by Laplace transform, we have

F(s)=L[sinx] =

So,




And,

Then,

For 6th part,

We know that,

By observation,

Then,
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Sum up them togather,

For 7th part,

x

By substitution of u=

And t— 07,

Then,

For 8th part,

By calculation,

And,

By simplification,

n=1 n=1

o

F= Z(arctan 2 —arctan 0 4+ arctan 3 — arctan 1 4 - - - + arctan(co)) = %TF
n=1
2026
G = lim / LS
=0\ J 20267 + 1
2026 ¢ o6 2026/t 42 o5 (41 2026/1 ot
ﬁdx = 2 3 d'LL dU
—2026%° 1 —a026/¢t2(u*+ 1) _o026t u?+1

2026/t >
/ O du= / o du=[arctan ), = 7
—2026/t U”+1 —oct+1

t 7

1, .n—-1 n 71 1 n 1 n
x 1 T T 1/1 T
/0 1+xdm_5<[1+x}0+/0 (1+x)2dx>_5<§+/0 (1+x)2d$)
1 n 1 n+1
T 1 1 x
/) (1+x)2dxn+1<z+[3 (1+x)3dx)

1 1 1 [t art!
—4(n+1)+(n+1)(n+2)<§+/0 (1+x)4df”)

1 nt+l
H=lim | —+ ! <1+/ y”—clgc>




Since n — oo,
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To sum up,
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Appendix A Useful shortcuts
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Table 1.
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